Abstract. Given an almost complex structure on a subbundle of the cotangent bundle, we prove a Castelnuovo-de Franchis type theorem for it.
Introduction
Given a smooth complex projective variety X, the classical Castelnuovo-de Franchis theorem [2, 4] associates to an isotropic subspace of H 0 (X, Ω 1 X ) of dimension greater than one an irrational pencil on X. The topological nature of this theorem was brought out by Catanese [3] , who established a bijective correspondence between irrational fibrations on X and maximal isotropic subspaces of H 0 (X, Ω 1 X ). The purpose of this note is to emphasize this topological content further. We extract topological hypotheses that allow the theorem to go through when we have only an almost complex structure on a subbundle of the tangent bundle.
In what follows, M will be a compact smooth manifold of dimension m, and T ⊂ T M will be a subbundle of rank 2k of the tangent bundle equipped with an automorphism J T : T −→ T such that
Definition 1.1. We shall say that a collection of closed 1-forms ω 1 , · · · , ω n on M are in general position if the zero sets Z(ω i ) are smooth embedded submanifolds in general position, i.e., all the intersections are transversal.
We shall say that a closed complex one-form ω is integral if its cohomology class
We are now in a position to state the main theorem of this note. Theorem 1.2. Let M be a compact smooth m-manifold and T ⊂ T M a 2k-dimensional subbundle of the cotangent bundle with an almost complex structure. Let ω 1 , · · · , ω g be linearly independent closed integral complex 1-forms with g ≥ 2 such that
• the restriction of all ω i to T ⊗ C is of type (1 , 0),
Then there exists a smooth map f : M −→ C to a compact Riemann surface of genus at least g, and there are linearly independent holomorphic 1-forms η 1 , · · · , η g on C, such that ω i = f * η i for all i.
Leaf space and controlled blow-up
Assume that ω i are as in Theorem 1.2. Since ω i ∧ ω j = 0 for all 1 ≤ i , j ≤ g, it follows that there are functions f ij such that ω i = f ij ω j wherever ω j = 0. Hence the collection Next since the zero sets Z(ω i ) are mutually transverse, it follows that M \ V has codimension at least two.
Let F be the distribution on V defined by the kernel of W. Since the forms ω i are closed, this distribution F is integrable and produces a foliation on V which we also denote by F .
We shall need an appropriate notion of blow-up in our context. Suppose K ⊂ M is a smooth embedded submanifold of M of dimension 2j with j < k such that
• T x K ⊂ T x for every x ∈ K, and
The above two conditions ensure that J T induces an automorphism
We would like to replace K by the (complex) projectivized normal bundle CP((T | K )/(T K)) which will be called the T -controlled blow-up of M along K.
Remark 2.1. Note that the tangent bundle (T M )| ∩iZ(ωi) splits as (T | ∩iZ(ωi) )⊕ ν, where Z(ω i ) as before is the zero set of the complex 1-form ω i .
We first projectivize T to get a CP k−1 bundle over
where L denotes the tautological line bundle, and T π is the complex vector bundle given by the kernel of the differential dπ :
Identifying B with the image of the zero section of π * T , we obtain locally, in a neighborhood of B, a map to the leaf space M/ F . Also the pullback
Then the image of the zero section of the bundle π * T M is again identified with B, and a small deleted normal neighborhood U B of B in π * T M is identified with the deleted normal neighborhood U of
where B is again identified with the image of the zero section of π * T M . In the disjoint union (M \ g i=1 Z(ω i )) ⊔ U B , we may identify U with U B . The resulting topological space will be called the T -controlled blow-up of M along g i=1 Z(ω i ).
Proof of Theorem 1.2
We will first show that the leaves of F in Section 2 are proper embedded submanifolds of
Suppose some leaf does not satisfy the above property. Then there exists x ∈ V and a neighborhood U x of it such that U x F contains infinitely many leaves accumulating at x. Let σ be a smooth path starting at x transverse to F . Then for every ǫ > 0 there exist distinct leaves F 1 , F 2 ⊂ U x F , points y k ∈ F k , k = 1 , 2, and a sub-path σ 12 ⊂ σ ⊂ U x joining y 1 and y 2 such that
Since each ω i is integral, setting ǫ < 1 it follows that
Taking limits we obtain that ω i (σ ′ (0)) = 0; but this contradicts the choice that σ is transverse to F . Therefore, the leaves of F are proper embedded submanifolds of V .
Hence the leaf space D = V / F is a smooth 2-manifold. Let
Next, let L := T V /F be the quotient complex line bundle on V . Then L carries a natural flat partial connection D along the leaves (cf. [5] ); this D is known as the Bott partial connection. It is straightforward to check that D preserves the complex structure on L. Indeed, this follows immediately from the fact that ω i are of type (1 , 0). Hence L induces an almost complex structure on D. Since D is 2-dimensional, this almost complex structure is integrable giving D the structure of a Riemann surface. Further, there exist closed integral (1 , 0) forms
Removing indeterminacy:
Since Z(ω i ) are mutually transverse, we can construct the T -controlled blow-ups of M successively along the µ-fold intersections, µ = 2 , · · · , g, to obtain M such that (1) there is an extension of the line bundle L to all of M , (2) there is a well-defined smooth map q : M −→ D extending q, and (3) the blown-up locus has the structure of complex analytic CP 1 -bundles as usual (due to transversality).
The Riemann surface D is compact because M is so. Further, D has genus greater than one as g > 1.
Since any complex analytic map from CP 1 to D must be constant, it follows that q actually induces a smooth map from M to D, and we may assume that the indeterminacy locus of q was empty to start off with, or equivalently that q extends to a smooth map q : M −→ D. This furnishes the required conclusion and completes the proof of Theorem 1.2. 
Suppose ω i (m) = 0. Then there exists a small neighborhood U (m) such that
Since ω j ∧ ω i = 0 and dω j = 0 for all i , j, it follows that df ji ∧ ω i = 0; consequently each f ji is constant on the leaves of F . Hence h has a (complex) one dimensional image, so the image of h is a Riemann surface C.
Further, h induces a holomorphic map h 1 : D −→ C. We note that D may be thought of as the Stein factorization of h, and h factors as h = h 1 • q.
4.2.
Weakening the hypotheses. In order to arrive at the conclusion of Theorem 1.2, it is not really necessary to assume that ω i are closed forms on all of M , but rather the following slightly weaker hypotheses:
(1) dω i (χ 1 , χ 2 ) = 0 for χ 1 , χ 2 vector fields contained in T , or equivalently ω i are closed in the T -direction. (2) There is a splitting of the tangent bundle T M = T ⊕ V such that at every x ∈ M , there exist (m − 2k) locally defined vector fields {V r } spanning V x such that the Lie derivative satisfies
for all i, r.
We give a quick sketch omitting the subscripts r, i for convenience:
di V (ω) + i V dω = L V (ω) = 0 . But di V (ω) = d(ω(V )) = 0 (by the second part of the hypotheses above) and hence i V dω = 0 , i.e., dω(V , ·) = 0. Combining this with the first part of the hypotheses above, it follows that dω = 0.
